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Abstract 

For an arbitrary del Pezzo surface S, we compute Peyre's constant a{S), 
which is the volume of a certain polytope in the dual of the effective cone 
of S, using magma and polymake. Peyre conjectured that a{S) appears in the 
asymptotic formula for the number of rational points of bounded height on S 
over number fields. 
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1 Introduction 



Let 5* be a smooth del Pezzo surface defined over a number field k; for simplicity, we 
assume in this introduction that its degree is < 7. If 5* contains infinitely many k- 
rational points, Manin's conjecture |FMT] makes a precise prediction of the number 
of A;-rational points of bounded height on S: Let U be the complement of the 
lines (more precisely, (— l)-curves; see Section |2] for details) on S, and let H be an 
anticanonical height function on the set S{k) of fc-rational points. Then the number 

Nu,h{B) = #{x e U{k) I i7(x) < B} 

of fc-rational points of height at most B outside the lines is expected to grow asymp- 
totically as cs,HB{\ogBY^^^-^ for B — )■ cxD, where q{S) is the rank of the Picard 
group Pic(5') over k, and cs,h > is a constant whose value was predicted by Peyre 
(Pe] to be 

cs^H = a{S)P{S)uj{S,H). 

See |Broj for an overview of this conjecture for del Pezzo surfaces, and, e.g., |EJ2j 
for experimental results. Here, u{S,H) is essentially a product of local densities 
that shows up similarly for example in applications of the Hardy-Littlewood circle 
method, f3{S) is defined as #iJ^(Gal(/c/fc), Pic(S'^)), and a{S) is the volume of a 
certain polytope in Pic(5)R = Pic(5) ®zR = 

In this note, we are interested in a{S). For any smooth del Pezzo surface S, it 
can be defined as follows; see also \Pe\ Definition 2.4]. 

1.1. Definition. Let Aefr(S') be the effective cone of S in Pic(S')]R,, let A^jj(5') 

be its dual cone with respect to the intersection form, and let {—Ks) G Pic(S') be 
the anticanonical class of S. Then 

a{S) = g ■ vol{x G A,\(5) | (x, -Ks) < 1}, 

where the volume on Pic(S')]R is normalized such that the lattice Pic(S') has covol- 
ume 1. 

Over an algebraic closure k of k, the effective cone Aefr(%) is generated by the 
lines on Sj. We will see that a{S) depends only on the degree ci of 5* and on the 
combinatorial structure of the action of Gal{k/k) on the lines on Sj via a subgroup 
W{S) of their finite symmetry group W, which is a Weyl group. 

For smooth split del Pezzo surfaces {^W{S) = 1, i.e., when each line is defined 
over k), a formula for a{S) was found in \De\ Theorem 4]. For smooth non-split 
del Pezzo surfaces of degree > 5, the values of a{S) were determined in |DJTt 
Section 7B]. 
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1.2. Remark. For a del Pezzo surfaces S' with ADE singularities, Manin's 

conjecture can be formulated similarly. In this case, the expected constants must be 
computed on the minimal desingularization S' of S'. We have a{S') = where 
5* is a smooth del Pezzo surface of the same degree as 5" with a corresponding action 
of Ga\{k/k) on its lines over k and W is a Weyl group associated to the singularities 
of S'. See |DJTt Theorem 1.3, Corollary 7.5] for details. 

It remains to determine a{S) for smooth non-split del Pezzo surfaces of degree d < A. 
By Remark II. 2[ this is also relevent for the singular case. Unfortunately, it seems 
that this cannot be done without certain case-by-case considerations. We will give 
a general algorithm and then apply it to the cases d = 1, . . . , 4. 

By |DJT| Section 7A], we are reduced to finitely many cases corresponding to 
the conjugacy classes of subgroups of the Weyl groups W. For example, when d = 1, 
the number of cases is 62092; for cubic surfaces, there are 350 cases. 

Theorem 12.21 is our key result that allows us to reduce the number of cases to 
an order of magnitude that could in principle be treated by hand without too much 
effort: If S and S' have the same degree, Picard groups of the same rank and if 
W{S) is contained in a conjugate of W{S'), then a{S) = a{S'). Using this, only 14 
cases are left for d = 4, only 17 for d = 3, only 32 for d = 2, and 41 for d = 1. 

Nevertheless, we choose to treat these cases not by hand, but with the help of 
the software polymake |GJ] that allows to compute volumes of polytopes. The sub- 
groups of W{Rd) can be obtained using gap |gap] or magma |BCFS] . Our results are 
summarized in Tables El [3] and HI 

At least for d > 3, it is possible to extract the value of a{S) for a concretely 
given del Pezzo surface from these tables. See Remark 14.61 for a detailed discussion. 

2 Del Pezzo surfaces 

We recall some facts on the structure of del Pezzo surfaces. See |Ma] for more details. 
A (smooth / ordinary) del Pezzo surface S over a field is a smooth projective variety 
of dimension 2 defined over k whose anticanonical class {—Ks) is ample. Its degree 
d is the self-intersection number {—Ks, —Ks) of the anticanonical class. Over k, it 
is isomorphic to (of degree 9), x P^ (of degree 8) or the blow-up of P^ in r 
points in general position (with r G {1, . . . , 8}, of degree d = 9 — r). Its geometric 
Picard group Pic(S'^) is free of rank 10 — d. 

A (— l)-curve is a curve E on Sj^ such that its class [E] G Pic(S'^) satisfies 
{-Ks, [E]) = 1 and {[E], [E]) = -1. A (-2)-class is an element L of Pic(%) with 
{-Ks, L) = and (L, L) = -2. 

From here, we restrict to the case d < 7. Then Pic(5'^) and its intersection form 
depend only on the degree ci of S* (cf. |DJT| Section 3]). Consequently the same 
holds for the (— 2)-classes (which form a root system whose type can be found 
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Table 1: The root systems associated to del Pezzo surfaces of degree <4 

in Table [1] for d < 4) and the classes of the (— l)-curves (whose number is denoted 
by Nd) with their pairwise intersection numbers. 

The geometric Picard group Pic(S'^) is generated by the classes of the (— 1)- 
curves. The symmetry group of Pic(5'^) respecting the intersection form is the Weyl 
group W{Rd) associated to the root system Rd of the (— 2)-classes in Pic(S'-^). Via 
its action on the set of (— l)-curves, W{Rd) can be regarded as a subgroup of the 
symmetric group Sn^- Over k, the effective cone Acfr(S'^) C Pic(5'-^)]R is generated 
by the (— l)-curves (see |DJTt Proposition 3.9], for example). All this depends only 
on the degree d < 7. 

2.1. Remark. For d < 5, the group W{Rd) acts transitively on the sets 

of pairs of (— l)-curves with fixed intersection number (in the set {— 1,...,3}). 
This gives a way to recover Pic(S'^) with the intersection form and the classes of 
the (— l)-curves if W{Rd) is given as a subgroup of S^^. Namely, any (— l)-curve 
E has intersection number i with precisely Nd^i other (— l)-curves, as listed in Ta- 
ble [TJ Therefore, the pairs of (— l)-curves with intersection number i form an orbit 
with precisely elements under the action of W{Rd). This gives a Nd x Nd 

intersection matrix Md of rank 10 — d, with Pic(5'^) = 'Z^'' / ker Md- 

For d G {1,2}, we have Nd^ = Nd^s-d, giving two orbits of the same size. This 
results in two candidates for Md, where the correct one can be identified by the 
expected rank. 

However, Pic(S') and a{S) depend fundamentally on the structure of S over k, via 
the natural action of the Galois group Gal(A;/A;) on Pic(%). Since this action respects 
the intersection pairing, it factorizes via a subgroup W{S) of W{Rd)- The group 
W{S) acts on the set of (— l)-curves, breaking it into n orbits {Ei^i, . . . , Ei^ki} of 
size ki, for i = 1, . . . ,n. 
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Since a{S) is irrelevant if S{k) = 0, we assume once and for all that 5* has a 
A;-rational point. Then Pic(5) = Pic(S'^)^^i(^/'=) by [UTSl Theorem 2.1.2, Claim (iii)]. 
Consequently, Aeff (5) is generated by the classes of Ei^i + • ■ ■ + Ei^^i, for i = 1, . . . ,n. 

Therefore, a{S) depends only on the conjugacy class of W{S) in W{Rd), which 
reduced the computation of all cases of a{S) to a finite problem. We denote the 
number of conjugacy classes of subgroups of W{Rd) by q, see Table [TJ More pre- 
cisely, it depends only on the orbit structure of the action of W{S) on the set of 
(— l)-curves, up to conjugacy, reducing the problem to classes in degree d. 

For d < Q, the sum of the classes of the (— l)-curves in Pic(S'^) is ^ ■ {—Ks). 
Indeed, this sum is invariant under W{Rd), so it is a scalar multiple of {—Ks)- 
The value of this scalar is determined from the fact that [—Ks, —Ks) = d and 
{[E], —Ks) = 1 for each (— l)-curve E. 

2.2. Theorem. Let Si, S2 be del Pezzo surfaces of degree d <7 over afield k 

such that Si{k),S2{k) 7^ 0. For the corresponding subgroups W{Si),W{S2) of 
W{Rd), suppose that W{Si) C gW{S2)g^^ for some g G W{Rd)- Further, assume 
rkPic(S'i) = rkPic(S'2). Then a{Si) = 0(82) ■ 

Proof. As Pic(5'i) = Pic((S'i)^)^('^'\ we see that Pic(5'i) are maximal sublat- 
tices. On the other hand, up to isometry, Pic(S'i) 3 Pic(S'2). Thus, the equal- 
ity of the ranks imphes that Pic(5'i) = Pic(5'2). Further, every iy(5'2)-orbit 
of (— l)-curves breaks into one or several iy(5'i)-orbits. If {£'1^1,...,-^^^^^,} is a 
iy(5'2)-orbit that breaks into the iy(S'i)-orbits {Ei^i, . . . , Ei^i.}, for i = l,...,k, 
then [Ei^i] + . . . + [Ei^i.] G Pic(S'i) = Pic(S'2) is W^(S'2)-invariant and therefore inde- 
pendent of 2. In particular, 

+ . . . + = l{[Ei,i] + ... + [Ek,i]) e Pic(Si)i,. 

Hence, Acfr('S'i) = AcfT(S'2). □ 

2.3. Let S be of degree d. The stabilizer G of Pic(5') for the action of W{Rd) 

on Pic(5'^) is the unique subgroup of W{Rd) containing W{S) that is maximal with 
the property that g{S) = rk(Pic(5'^)'^). We call each such G a g-maximal subgroup 
of W{Rd)- Let c^' be the number of conjugacy classes of ^-maximal subgroups of 
W{Rd) (cf. Tabled]). Theorem 12.21 shows that it is enough to compute a{S) in the 
corresponding 

3 The algorithm 

3.1. Algorithm {<y{S) for del Pezzo surfaces S of degree d < 5). 

I) Realize in gap or magma the group W{Rd) as a subgroup of the symmetric 
group Siv^, identifying the set of all lines with {1, . . . , A^^}. 
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II) Determine the A^^ x A^^ intersection matrix M^, using Remark 12.11 

III) The geometric Picard group of rank 10 — (i is now isomorphic to Z'^'='/ker M^. 
Select (— l)-curves Ei, . . . , -Eg-^ that are pairwise skew and a (— l)-curve £"10-^ that 
is distinct from the previous ones. Ensure that the corresponding (10 — d)x (10 — d) 
intersection matrix is of determinant ±1. Then {[i?!], . . . , [-Eio-d]} forms a basis of 
the geometric Picard group. Express every line in this basis. This yields a map 
p: {1, . . . , Na} —7- li^^'^, represented by a matrix. 

IV) Calculate a set Ud of representatives of the q conjugacy classes of subgroups 
in W{Rd), together with the number of subgroups in each conjugacy class. 

V) For each subgroup G G Ud, compute the no orbits of G acting on {1, . . . , A^^}- 
Compute the rank qg of Pic(S'^)'^, which is the rank of the no x no matrix whose 
entry (i, j) is the intersection number (computed using M^) of the sums of elements 
in the i-th and j-th orbit. 

VI) Repeat the following until Ud is empty, producing a set Md (initially empty, at 
the end of order c^) of subgroups of W{Rd) such that for any subgroup H there is 
a unique G G Md with qg = Qh containing a conjugate of H. 

i) Choose a subgroup G G f/^ of maximal order and add it to M^. 

ii) Remove all H from Ud with qh = qg contained in a conjugate of G. 

VII) For each G G M^, compute the corresponding value of a{S) as follows: 

i) For each orbit {Zj^i, . . . , U^ki} of G acting on {1, . . . , A^^^} (with i = 1, . . . , nc), 
calculate the vector Vi = p{h,i) + ■ ■ ■ + p{h,ki) G This yields a list vi, . . . , Vuq 
of vectors in 

ii) Determine a basis of the free Z-module W}^^''' fl (Qfi + ■ ■ • + Qi^nc) — which 
is isomorphic to the Picard group. Express the vectors in this basis 
and print the list of coefficient vectors wi, . . . , G obtained, together with a 
marker of the conjugacy class treated, into a file. 

iii) Read this file into a polymake script. For each conjugacy class, realize in 
polymake the polytope in R^, given by {x,Wi) > 0, . . . , (x, w„g) > and 



and return the result 



x,wi + --- + Wna) < -f- Compute the volume of the polytope, multiply by t. 



3.2. Remarks. a) Steps V) and VI) use Theorem 12.21 to reduce the number 



of computations of a{S) significantly from Cd to c^. This leads to a reasonably 
short list of results with a natural structure. For = 1, this also seems absolutely 
necessary to keep the running times reasonably low. 

To find all H with Qh = Qg contained in a conjugate of G in = W{Rd) in magma, 
one may either compute Conjugates (W,G) and compare all candidates H with the 
resulting list for inclusion, or test IsConjugate(W,H,U) for all U in Subgroups (G) . 
For d = 1, depending on the number of conjugates of subgroups of G (which is 
up to 604800) and candidates H (which is up to 48797), each option might take 
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prohibitively long. It turns out that it is reasonable to take the first approach 
whenever the number of conjugates, known from the computation of Subgroups (W) 



in step IV) , is less than the number of candidates. With this strategy, we must only 
deal with up to 1120 conjugates in the first case and up to 1886 candidates in the 
second case. 

b) Computationally, the case of degree c? = 1 is by far the hardest. Using magma 



V2.17-9 on an Intel Xeon L5640 CPU at 2.27 GHz, step IV) took 32 minutes, step V) 



took 68 minutes and step VI) took 3 minutes, resulting in 41 conjugacy classes of 



^maximal subgroups. For d = 2, steps IV) -VI) took a total of 35 seconds giving 32 



conjugacy classes, and (i > 3 is negligible. 

For d > 3, one can also use gap to compute the conjugacy classes of subgroups 



together with a numbering from 1 to q in step IV) This numbering is reproducible, 
at least in our version of gap. For W{E-r) and W{Es), however, gap runs out of 
memory. The difference comes from the fact that the Cannon/Holt algorithm |CH] 
to determine the maximal subgroups of a given finite group is available in magma. 

c) The running times for the volume computations were as follows, using polymake, 
version 2.9.9, on an AMD Phenom II X4 955 processor. We describe the polytope 
by its INEQUALITIES properties. Again, degrees d > 3 are done in a few seconds. 

The 32 cases of del Pezzo surfaces of degree 2 together took 85 seconds of CPU time. 
Among them, the most complicated case is that of the split del Pezzo surface. 
Here, according to the definition, one has to compute the volume of a polytope 
in R*, having 703 vertices. This case alone took 36 seconds; 279 MBytes of memory 
were being allocated. 

The 39 cases of del Pezzo surfaces of degree 1, excluding those of Picard ranks 
8 or 9, together took 140 seconds of CPU time. Here, 300 MBytes of memory 
were allocated. The rank-8 case alone, however, took around 37 minutes of CPU time 
and 3 GBytes of memory. Finally, the split del Pezzo surface of degree one leads to 
a polytope in IRp with 19 441 vertices. Here, polymake fails, as 8 GBytes of working 
memory turn out to be insufficient. In order to make it work, we incorporated the 
obvious Sg-symmetry of the polytope. Then the volume could be computed within 
3.8 seconds, using only 150 MBytes of memory. The same trick works for the rank- 
8 case. Here, incorporating the obvious Sg-symmetry reduces the running time to 
4.8 seconds and the memory usage to 158 MBytes. 

d) In the cases when S is isomorphic over k to the blow-up of in some Galois- 
invariant set of size 9 — d, one has explicit generators for the Picard group ^H^ 
Theorem V.4.9]. Such cases may, in principle, be handled interactively. For example, 
the following snippet of polymake code computes a{S) for a split cubic surface S. 

$p-ne» Polytope<Ratioiial>(INEquALITIES«>[[0, 0,1, 0,0, 0,0,0] , [0,0,0,1,0,0,0,0] , [0,0,0,0,1,0,0,0] , [0,0,0,0,0,1,0,0] , 
[0,0,0,0,0,0,1,0], [0,0,0,0,0,0,0,1], [0,1,-1,-1,0,0,0,0], [0,1,-1,0,-1,0,0,0], [0,1,-1,0,0,-1,0,0], [0,1,-1,0,0,0,-1,0], 
[0,1,-1,0,0,0,0,-1], [0,1,0,-1,-1,0,0,0], [0,1,0,-1,0,-1,0,0], [0,1,0,-1,0,0,-1,0], [0,1,0,-1,0,0,0,-1], [0,1,0,0,-1,-1,0,0], 
[0,1,0,0,-1,0,-1,0], [0,1,0,0,-1,0,0,-1], [0,1,0,0,0,-1,-1,0], [0,1,0,0,0,-1,0,-1], [0,1,0,0,0,0,-1,-1], [0,2,-1,-1,-1,-1,-1,0], 
[0,2,-1,-1,-1,-1,0,-1], [0,2,-1,-1,-1,0,-1,-1], [0,2,-1,-1,0,-1,-1,-1], [0,2,-1,0,-1,-1,-1,-1], [0,2,0,-1,-1,-1,-1,-1], 
[1,-3,1,1,1,1,1,1]]); 

print ( ($p->DIM) » ($p->VOLUME) ) ; 
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4 Results 



For (i > 5, the values of a{S) were systematically computed in [DJTi Section 7B]. 
For d = 5, our algorithm recovers the results listed in |DJT[ Table 8]. For (1 = 4, 
the description of the results is relatively straightforward. For the probably most 
important and interesting case c? = 3 of cubic surfaces, we give more details. For 
simplicity, we only give an overview of the results for d = 2 and d = 1. 

4.1. Theorem (The values of a{S) for quartic del Pezzo surfaces). 



Let S be a smooth quartic del Pezzo surface over a field k such that S{k) ^ 0. Then 
exactly one of following is true. 

I) rkPic(5) = 1. Then a{S) = 1. 

II) rkPic(S') = 2. Then there are two cases. 

i) S has no k-rational {—l)-curve. Then a{S) = 1. 

ii) S is isomorphic to , blown up in an orbit of size five. Then a{S) = |. 

III) rkPic(5') = 3. Then there are two cases. 

i) S has no k-rational {—l)-curve. Then a{S) = \. 

ii) S is isomorphic to P^, blown up in a k-rational point and an orbit of size four 
or in an orbit of size two and an orbit of size three. Then a{S) = |. 

IV) rkPic(5') = 4. Then there are two cases. 

i) S has no k-rational {—l)-curve. Then a{S) = |. 

ii) S is isomorphic to P^, blown up in two k-rational points and an orbit of size 
three or in a k-rational point and two orbits of size two. Then a{S) = ^. 

V) rkPic(5) = 5. Then a{S) = j^. 

VI) rkPic(5) = 6. Then a{S) = j^. 



Proof. Our implementation of Algorithm 13.11 (skipping the reduction step VI) and 
working Ud instead of Md afterwards) yields a list, associating to each number from 
1 to 197 a value of alpha. The result is obtained by giving a geometric interpretation 
to this hst. □ 



Step VI) of Algorithm 13.11 gives 14 conjugacy classes of f)-maximal subgroups (see 



12. 3p of W{D5). In step VII) , we discover that this leads to eight distinct values of 
a{S). Among the 197 conjugacy classes of subgroups and the 38 orbit structures, 
they are distributed as shown in Table |2j 

The rightmost column in this table indicates the type of cubic surface (cf. Theo- 
rem |1]2] and Table [3] below) that occurs when blowing up one fc-rational point. It is 
a little surprising that the types IV.i and Vi appear twice. The reason for this is 
as follows. 



8 



Case 


a 


#conj. 

classes 


f)-maximal 


T^orbit 
structures 


maximal 


corr. case 
cub. surf. 


I 


1 


98 


W{D,) 


7 


[16] 


Il.i 


Il.i 


1 


50 


S4 X (Z/2Z)3 


12 


[8,8] 


Ill.i 






7 


S3 X S2 XZ/2Z 


1 


[2,2,6,6] 


Ill.iii 






11 


S4XS2 


2 


[4,4,8] 


Ill.iv 


Il.ii 


2 
3 


5 


S5 


2 


[1,5,10] 


III.V 


Ill.i 


1 
2 


5 


S4 


1 


[4,4,4,4] 


IV.i 






5 


S2 X S2 X S2 


3 


[2,2,2,2,4,4] 


IV.ii 


Ill.ii 


1 

3 


5 


S4 


3 


[1,1,4,4,6] 


IV.i 






3 


S2XS3 


1 


[1,1,2,3,3,6] 


IV.iii 


IV.i 


1 

6 


2 


S2XS2 


1 


[2,2,..., 2] 


Vi 


IV. ii 


1 

9 


2 


S2XS2 


2 


[1,1,1,1,2,2,2,2,4] 


Vi 






2 


S3 


1 


[1,1,1,1,3,3,3,3] 


Vii 


V 


1 

36 


1 


S2 


1 


[1,..., 1,2,2,2,2] 


VI 


VI 


1 

180 


1 





1 


[1,1,..., 1] 


VII 


E 




197 




38 







Table 2: Degree four del Pezzo surfaces, the 14 ^-maximal cases 



A quartic del Pezzo surface of type Ill.i may be constructed by blowing up 
in two fc-rational points and an orbit of size four, followed by blowing down the line 
through the two fc-rational points. This is a non-blown-up case, but fc-birationally 
equivalent to a surface of type Ill.ii, which may be obtained by blowing up in a 
/c-rational point and an orbit of size four. For the cases IV.i and IV.ii, the situation 
is very similar. 

4.2. Theorem (The values of a{S) for cubic surfaces). Let S he a smooth 

cubic surface over a field k such that S{k) 7^ 0. Then exactly one of following 
is true. 

I) rkPic(5) = 1. Then a{S) = 1. 

II) rkPic(S') = 2. Then there are four cases. 

i) S has a k-rational line. Then a{S) = 1. 

ii) S is isomorphic to , blown up in an orbit of size six. Then a{S) = |. 

iii) S has a Galois-invariant double-six \EJlf . Over the quadratic extension l/k, 
splitting the double-six, Si is isomorphic to P^, blown up in two orbits of size three. 
Then a{S) = 2. 
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iv) S has a Galois orbit consisting of two skew lines. Then a{S) = |. 

III) rkPic(5') = 3. Then there are five cases. 

i) S has three coplanar k-rational lines. Then a{S) = |. 

ii) S is isomorphic to , blown up in two orbits of size three. Then a{S) = 1. 

iii) S has a Galois-invariant double-six. Over the quadratic extension l/k, splitting 
the double-six, Si is isomorphic to P^, blown up in a k-rational point, an orbit of 
size two, and an orbit of size three. Then, a{S) = 1. 

iv) S is isomorphic to P^, blown up in an orbit of size two and an orbit of size four. 
Then a{S) = |. 

v) S is isomorphic to P^, blown up in a k-rational point and an orbit of size five. 
Then, a{S) = ^. 

IV) rkPic(S') = 4. Then there are three cases. 

i) S is isomorphic to P^, blown up in two k-rational points and an orbit of size four. 
Then a{S) = ^. 

ii) S is isomorphic to P^ , blown up in three orbits of size two. Then a{S) = ^. 

iii) 5* is isomorphic to P^, blown up in a k-rational point, an orbit of size two, and 
an orbit of size three. Then a{S) = |. 

V) rkPic(S') = 5. Then there are two cases. 

i) S is isomorphic to P^ , blown up in two k-rational points and two orbits of size two. 
Then a{S) = |. 

ii) S is isomorphic to P^, blown up in three k-rational points and an orbit of 
size three. Then a{S) = ^. 

VI) rkPic(5) = 6. Then a{S) = ^. 

VII) rkPic(5) = 7. Then a{S) = j^. □ 

According to Theorem \A.2\ there are 17 conjugacy classes of ^^-maximal subgroups, 
leading to 14 distinct values of a{S). The 350 conjugacy classes of subgroups and 
the 91 orbit structures are distributed among them as shown in Table [31 In case 
Ill.i, (Z/2Z)^ means the sum zero subspace in (Z/2Z)^, acted upon by S4 in the 
obvious manner. 

4.3. Remarks. a) Some of the cases allow equivalent characterizations. 

For example, IV.i contains the cubic surfaces of Picard rank 4 having five ratio- 
nal lines that form two triangles with a line in common. 

b) Observe that rkPic(S') > 4 implies that S has a Galois-invariant sixer, i.e., S is 
then isomorphic over k to the blow-up of P^ in some Galois-invariant set of size six. 

c) Recall that gap produces a list, giving the 350 conjugacy classes of subgroups 
of W{Eq) in a definite numbering. Associated to each number, we have a value 
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Case 


a 


#conjugacy 
classes 


f)-maximal 


T^orbit 
structures 


maximal 


I 


1 


137 




22 


[27] 


II. i 


1 


98 


W{D,) 


22 


[1,10,16] 


II. ii 


4 
3 


16 


Sg 


5 


[6,6,15] 


Il.iii 


2 


11 


S3 X S3 X Z/2Z 


3 


[3,3,6,6,9] 


II. iv 


3 
2 


8 


S5 X Z/2Z 


2 


[2,5,10,10] 


Ill.i 


1 
2 


33 


S4 X (Z/2Z)3 


13 


[1,1,1,8,8,8] 


Ill.ii 


1 


6 


S3XS3 


3 


[3,3,3,3,3,3,9] 


Ill.iii 


1 


7 


S3 X S2 X Z/2Z 


2 


[1,2,2,3,3,4,6,6] 


Ill.iv 


5 
6 


11 


S4XS2 


5 


[1,2,2,4,4,6,8] 


III.v 


17 
24 


5 


S5 


2 


[1,1,5,5,5,10] 


IV.i 


5 

18 


5 


S4 


3 


[1,1,1,1,1,4,4,4,4,6] 


IV. ii 


7 
18 


4 


S2 X S2 X S2 


3 


[1,1,1,2,2,2,2,2,2,4,4,4] 


IV.iii 


3 
8 


3 


S3XS2 


1 


[1,1,1,2,2,2,3,3,3,3,6] 


V.i 


1 
8 


2 


S2XS2 


2 


[1,1,1,1,1,1,1,2,2,..., 2,4] 


V.ii 


5 

48 


2 


S3 


1 


[1,1,..., 1,3,3,3,3,3,3] 


VI 


1 

30 


1 


S2 


1 


[1,1,..., 1,2,2,2,2,2,2] 


VII 


1 
120 


1 





1 


[1,1,..., 1] 


E 




350 




91 





Table 3: Smooth cubic surfaces, the 17 f)-maximal cases 



a{S). Unfortunately, this list is far too long to be reproduced here. But let us restrict 
considerations to rkPic(S') > 2 and one group per orbit structure, the maximal one. 
Then the situation may be visualized by the inclusion graphs in Figure [TJ 

The four conjugacy classes with Picard rank 5 are 4 and 10, leading to a = |, 
as well as 7 and 24, leading to a = ^. Here, 7 and 24 have the same orbit structure. 
Finally, number 2 is the only with Picard rank 6 and number 1 the only with Picard 
rank 7. 

4.4. Example. Let us take a closer look at case III.v. Here, 5* is obtained 

by blowing up in a rational point and an orbit of size five. The Galois group 
must permute the five points transitively. Therefore, the maximal possible Galois 
group is isomorphic to S5. It has gap number 294. 

Further, S5 has exactly five conjugacy classes of transitive subgroups. This ex- 
plains the number 5 in the third column of Table [3l Among the transitive subgroups. 
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197 
34 



168 
89 



a= 1 a= 1 



224 

47^ ^61 

^19^^ 

a = 5/6 



294 
76 

a = 17/24 



152 46 

49 22 79 

I 

11 5 

a = 5/18 a = 7/18 a = 3/8 

Figure 1: Conjugacy classes of subgroups with Picard ranks 2, 3, and 4, only one 
per orbit structure, numbered as in gap 4.4.12. 

there are the cyclic group of order five and the dihedral group of order 10. For these, 
from the explicit description of the 27 lines |Hat Theorem V.4.9], one easily deduces 
that the finer orbit structure [1,1,5,5,5,5,5] occurs. In fact, the dihedral group is the 
maximal subgroup corresponding to this orbit structure. Its gap number is 76. 

4.5. For d = 2 and d = 1, Theorem 12.21 reduces the problem to 41 resp. 32 

conjugacy classes of f)-maximal subgroups. It is therefore possible to specify all the 
values of a{S) in Table HI The subscripts 2 shall indicate that the corresponding 
rational number arises in two distinct cases. 

4.6. Remarks. a) When verifying Manin's conjecture 

Nu,H{B)-^cs,HB{\ogBy-' 

for a del Pezzo surface S of degree d over a number field k, the rank g of Pic(S') 
must be determined, and this is usually done via the action of Gal{k/k) on the set 
of (— l)-curves. With this information, the factor a{S) of cs,h can be read off our 
tables as follows. 

If S is smooth of degree d > 4 over k, we note that the value of a{S) is uniquely 
determined by d, g and the question whether S contains at least one line defined 
over k. 
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Picard 
rank 


a 


1 


1 


2 


1; 22, |, 82, 4 


3 


1 5 11 r, 9 5 8 
'3' 6 ' ' 4' 2' 3' 2 


4 


2 11 11 13 19 5 
3' 12' 9 ' 9 ' 12' 3' 


5 


17 2 13 1 
36 ' 3 ' 18 ' 


6 


7 13 
30' 45 


7 


1 

10 


8 


1 

30 



Picard 




rank 


a 


1 


1 


2 


2, 42, f ,6,7,8,10 


3 


3,4,6,g,f,f,9,f,ll2,14 


4 


A 35 20 31 85 92 31 10 
' 6 ' 3 ' 4 ' 9 ' 9 ' 3 ' 


5 


A 355 41 31 103 92 
' 72 ' 6 ' 4 ' 12 ' 9 


6 


178 16 94 
45 ' 3 ' 15 


7 


59 18 
20' 5 


8 


29 
15 


9 


1 



Table 4: Del Pezzo surfaces of degrees 2 and 1, the 32 resp. 41 f)-maximal cases 



For (i = 3, the situation is slightly more complicated. With one exception, a{S) 
can be read off once one has determined the number of lines defined over k and 
the numerical orbit structure (i.e., the number of elements in each Gal (A; /A;) -orbit 
on the set of (— l)-curves). Indeed, an analysis of our data shows that a{S) has the 
same value as the unique one of the 17 ^-maximal cases in Table |3] with the same 
the same number of (— l)-curves defined over fc, and an orbit structure that can be 
split into the given orbit structure (cf. Theorem I2.2p . with the following exception. 

Numerically, both orbit structures II. ii [6, 6, 15] and Il.iii [3, 3, 6, 6, 9] can be split 
into [3, 3, 3, 6, 6, 6]. These can be distinguished as follows: We are in the first case if 
and only if one of our three orbits of size 6 consists of pairwise skew lines. 

For d = 2 and d = 1, it seems impossible to give a similar strategy because there are 
1071 resp. 13975 different orbit structures on the (— l)-curves. Furthermore, given 
a concrete del Pezzo surface of degree 1 or 2, it might be a delicate problem to 
determine the corresponding ^-maximal subgroup as in 12.31 

b) Several of the values have been known before. For rkPic(S') = 1, the value 
a{S) = 1 is almost immediate from E. Peyre's definition. For split del Pezzo surfaces, 
our calculations confirm the values of from |Det Theorem 4]. 

In degree 4, case V confirms the value in |dlBB| Section 10]. In degree 3, II. i and 
II. iv are shown in [Jl Remarks VI. 5. 9]. II. ii is [Jl Example 5.6]. Further, particular 
cases of Il.iii, Ill.iii, and IV.ii appear in \PT\ Proposition 5.1]. 
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